Coupling a microscopic mechanical resonator to a nano-scale quantum system enables control of the mechanical resonator via the quantum system, and vice versa. The coupling is usually achieved through functionalization of the mechanical resonator but this results in additional mass and dissipation channels. An alternative is an intrinsic coupling based on strain. We employ here a monolithic semiconductor system. The nano-scale quantum system is a quantum dot; the mechanical resonator a microscopic trumpet which simultaneously optimizes the mechanical and photonic properties. The quantum dot transition is driven resonantly. Via the resonance fluorescence, we observe mechanical Brownian motion even at 4K, and demonstrate a coupling to mechanical modes of different types. We identify a mechanical mode with a cooperativity larger than one. We show analytically that the Heisenberg limit on displacement measurement can be reached with an embedded two-level system in the case of a transform-limited optical emitter with perfect photon detection. We argue that operation close to the Heisenberg limit is achievable with state-of-the-art quantum dot devices.
I. INTRODUCTION
Coupling a microscopic mechanical resonator to a nanoscale quantum system enables the mechanical resonator to be controlled via the quantum system, enabling "phonon lasing" 1, 2 , cooling towards the mechanical ground state 1, 3 , and generation of Schrödinger cat states 4 ; and the quantum system to be controlled via the mechanical system, offering a route towards non-demolition read-out via a precise measurement of the oscillator's position 2 . A futuristic application is to use the mechanical resonator as a bus to couple two remote qubits 5 Mechanical resonators can be constructed on the micro-or nano-scale from various solid-state materials such as silicon nitride 6, 7 , silica 8 , silicon 9 , diamond 10 , GaAs 11 , and so on. Position read-out of the mechanical resonator is usually carried out by incorporating the mechanical resonator in an optical cavity 12 . We pursue an alternative here, position read-out by embedding a single photon emitter into the mechanical resonator itself.
GaAs is a natural choice of material for this endeavour. On the one hand, GaAs mechanical resonators are easy to make and have good mechanical properties 13 . On the other hand, a self-assembled quantum dot in GaAs represents an excellent single photon emitter. At low temperature with resonant excitation, a quantum dot is a fast, bright 14, 15 and pure 16, 17 source of single photons, outperforming any other solid-state emitter. A crucial feature is that the quantum dot transition frequency is sensitive to the strain produced by a deformation of the host material: there is an inherent coupling between the mechanics and the single photon emitter 18, 19 . A recent insight is that semiconductor nano-wires have both mechanical resonances and an optimized photon collection efficiency 18 .
II. QUANTUM DOTS AND OPTO-MECHANICS
The quantum dot (QD)-mechanical coupling manifests itself as a time-dependent frequency shift of the QD transition as the resonator oscillates, whose amplitude is determined by the hybrid opto-mechanical coupling λ 18, 19 ( Fig. 1a and c). This is described by the interaction Hamiltonian
where the Pauli operatorσ z acts on the QD two-level system, u is the operator representing the microwire's displacement, and u zpf corresponds to the quantum zero-point fluctuations.
In previous experiments 18, 19 , external driving of the mechanical resonator was used to demonstrate a coupling λ of order 100 kHz, much less than the spontaneous emission rate, of order 1 GHz. A high quality QD inside such a resonator can thus be used to perform a sensitive read-out of the mechanical displacement. However, previous experiments employed non-resonant excitation which produces photons of low quality (as inferred from a large spectral linewidth and low indistinguishability) such that the displacement read-out via the QD photoluminescence would have been subject to a large amount of noise.
We report here resonant optical driving of a high quality QD embedded in a mechanical system. The mechanical system, a semiconductor nanowire with inverse taper, a "photonic trumpet" 20 , optimizes both mechanical and optical properties simultaneously, Fig. 1b . The extra mass located at the end facet of the nanowire produces large strains in the "stem" of the nanowire where the QD is located, resulting in large mechanical-optical couplings, Fig. 1e . The QD emits photons preferentially into the one-dimensional waveguide mode defined by the nanowire. The mode then expands adiabatically by the inverse taper, allowing very large couplings to a Gaussian mode in free-space, resulting in very large photon extraction efficiencies. We exploit both features to detect The results open the way to adding and removing phonons to the mechanical oscillator via resonant optical driving of the QD. The results demonstrate a new approach to displacement read-out: the use of an embedded single photon emitter. In fact we show that the Heisenberg limit can be achieved in the limit of a perfect emitter (transform-limited linewidth, weak driving, 100% collection efficiency), a regime within reach experimentally.
III. DETECTION OF MECHANICAL THERMAL MOTION
To read-out the displacement of the mechanical resonator, we drive the optical transition of an embedded QD with a nar-row band laser and collect the scattered light, the resonance fluorescence (RF). A displacement u of the mechanical oscillator results in a detuning of the QD with respect to the constant frequency laser and translates into a change δṄ d in the detected RF count rate. Assuming small optical detunings due to the mechanical oscillation,
where α = ∂Ṅ d /∂∆ depends on the spectral profile of the emitter. In addition to the large opto-mechanical couplings and high photon extraction efficiency, the photonic trumpet has a further advantage: the large top facet serves as a "landing pad" for the excitation beam and allows for excellent suppression of the back-scattered light from the resonant laser. We focus on a 12 µm long photonic trumpet, featuring a bottom diameter of 300 nm and a top facet diameter of 1.62 µm. The wire is clamped to a bottom gold-silica mirror via a flip-chip procedure. The typical spectrum from a QD inside such a wire is shown in Fig. 1d . It is obtained from an excitation with two lasers: a very weak non-resonant laser is used to stabilize the QD's charge environment 21 while a second laser scans the QD transition. We observe a maximum as the second laser hits the QD resonance (∆ = 0), on top of a photoluminescence background associated with the non-resonant pump. Thanks to the large top facet, the back-scattered resonant laser light is reduced by 40 dB, which results in a negligible background (signal-to-background ratio is S : B = 125). In order to reach the best sensitivity of the QD to the mechanical motion, we have to maximize the count rate while maintaining a small linewidth. For this we operate at the onset of power broadening (Rabi coupling Ω R γ sp , with γ sp = 1.1 GHz, the spontaneous emission rate). This results in a linewidth 2Γ inh /2π = 2.0 GHz (Fig. 1b) corresponding to an "optical quality factor" Q = 2 × 10 5 . We now turn to the noise spectroscopy of the RF signal and determination of the opto-mechanical coupling. One measurement protocol is to record a time-trace of the QD RF at a fixed laser detuning ∆, Fig. 1c , and perform a Fourier analysis on the data 22 . Fig. 2a showsS N d N d , the normalized noise power spectral density (NPSD), computed from a 20 minute time-trace recorded at ∆ = Γ inh . The spectrum reveals two sharp resonances, labeled F 1y and F 1x , at ω m,F1y /2π = 512.8 kHz and ω m,F1x /2π = 607.9 kHz, respectively. These resonances, which are absent in the bulk sample, correspond to the thermally-driven mechanical resonances, i.e. the Brownian motion at 4 K. Specifically, we observe the two first order flexural modes, whose degeneracy is lifted by a slightly anisotropic cross section. The sensitivity of the measurement to the laser detuning is shown in Fig. 2b , where we plot the noise power associated with each mode, i.e. the area A = S N d N d (f ) df under each peak. We get from Eq. 2
where u th and u zpf correspond respectively to the thermal and zero-point fluctuations. These quantities depend in particular on the characteristics of the mechanical resonator, namely its mode frequency and motional mass. The former is obtained from our measurement while the latter is determined through a finite element simulation of the resonator. u th depends on the mode temperature, taken as 4 K assuming thermalization of the oscillator to the He bath. For the first flexural mode we find u zpf = 2.3 × 10 −14 m and u th = 1.2 × 10 −11 m. The detuning dependence of Ṅ d (∆) and α(∆) are obtained from a fit of the RF spectrum in Fig. 1c so that Eq. 3 eventually only depends on the opto-mechanical coupling λ. Using λ F1x /2π = 280 kHz and λ F1y /2π = 55 kHz, we find good agreement with the experimental data.
The bandwidth of the previous measurement protocol is limited by the detector's dead-time. In our case, this means a cut-off at a frequency of 10 MHz. To circumvent this limitation, we perform a correlation measurement of the RF signal with two detectors in a Hanbury Brown-Twiss configuration 23 . Fig. 3a shows the result from a 70 min measurement recorded at ∆ = Γ inh . The dip at zero delay is the signature of single photon emission from the QD. Its moderate depth is a consequence of the timing jitter of the detectors (note that the dip is narrowed by the unresolved Rabi oscillations induced by the amplitude of the drive, Ω R ∼ γ sp ). The bunching peak at short delays (τ < 100 ns) is related to a blinking in the QD emission 24 . The maximum value of g (2) increases with the off:on ratio in the QD emission and the decay time of the bunching reveals the dynamics of charge fluctuations in the QD environment leading to the on:off behaviour 25 . In addition to these features, we observe a small oscillation, with a period of about 25 ns, which runs over the entire 8 µs time-span of the experiment. This oscillation corresponds to the signature of the opto-mechanical coupling in the photon counting regime.
A Fourier analysis of the intensity correlation data at τ > 0.25 µs is shown in Fig. 3 . The spectrum reveals a whole series of resonances corresponding to different modes of the mechanical resonator. In particular, the lower frequency mode corresponds to the first order flexural mode (F 1 ) already evidenced in Fig. 2 , and the pronounced peak at 37 MHz corresponds to the second order breathing mode (B 2 ) immediately visible in the time-dependent data. Complete mode assignment is obtained from numerical simulation. With fine adjustment of the trumpet's dimensions (see Supplementary Information) we are able to reproduce the spectrum within a maximum error of 7.5% in the exact frequency (vertical dotted lines in Fig. 3b ). In particular, we find that an ellipticity in the base diameter of 20% accounts for the splitting observed in Fig. 2b , in good agreement with earlier work 18 . From the relative amplitude of the various modes, it is possible to estimate the location of the QD in the nanowire with respect to the nanowire axis 26 . This is shown on Fig. 3b , where we plot the strain induced by the Brownian motion of each mode for a QD 35 nm away from the central axis (see Supplementary Information for details).
Quite remarkably, we observe a pronounced amplitude for B 2 despite the smaller phonon population associated with this high frequency mode (u th = 1.4 × 10 −13 m). This is the consequence of the large strain field associated with this specific mode (see Supplementary Information). Quantitatively, this translates in a coupling λ B2 /2π = 3.6 MHz, much larger than the values obtained for the coupling to F 1 . The associated dissipation rate of B 2 also significantly increases to reach γ m,B2 /2π = 0.14 MHz.
IV. QUANTUM DOT OPTO-MECHANICS: IMPLICATIONS
The measured noise spectrum may be translated into an equivalent displacement noise spectrum. For F 1 , this results in a sensitivity 2.6 × 10 −13 m.Hz
m.Hz −1/2 for B 2 ). Although the value does not compete with the ones obtained from the best cavity opto-mechanics experiments 12 , we can nevertheless measure the zero-point fluctuations in just 70 s using our embedded single photon emitter.
In the present case, the QD decay rate γ sp is much larger than the phonon decay rate γ m and the coupling λ. Thus, the QD follows adiabatically the state of the mechanical oscillator. Its adiabatic elimination 27 results in an effective dissipation rate for the mechanical resonator Γ opt = λ 2 /γ sp , which corresponds to an optically mediated damping (or antidamping).
For mode F 1 , Γ opt = 490 Hz > γ m implying a more efficient optically mediated damping compared to the intrinsic phonon relaxation. The cooperativity of the coupled single photon emitter-phonon system is C = λ 2 /γ sp γ m = 2.2, i.e. greater than one. This makes F 1 a very interesting mode for quantum applications. Focusing on B 2 we find Γ opt = 0.08 MHz, with a cooperativity of C = 0.6. We point out that B 2 has a homogeneous strain profile in the QD plane, Fig. 1e , such that an on-axis quantum dot position simultaneously maximizes both the opto-mechanical coupling and the photon collection efficiency.
To implement the "phonon laser" proposal 2 , only the mechanical damping is important: the number of coherent phonons created through the optical driving of the two-level system depends on (λ/γ m )
2 . For both F 1 and B 2 , λ γ m . For F 1 , with the present trumpet, the scheme predicts that the QD generates 6 × 10 6 phonons while there are 1.7 × 10 5 thermal phonons at 4 K.
V. THEORY OF POSITION READ-OUT USING AN EMBEDDED SINGLE PHOTON EMITTER
In standard opto-mechanics experiments, the mechanical oscillator is part of an optical cavity, allowing position readout by measuring the response of the cavity. In this scenario, it is always possible to increase the intra-cavity power to reduce the shot noise. However, above a certain threshold, a second contribution associated to the noise from the back-action starts to dominate. This implies the presence of a minimum added noise, which, in the case of perfect collection efficiency, is referred to as the standard quantum limit (SQL) (see Ref. 28 for a review). Here we present an alternative scheme: position read-out via the optical response of an embedded two-level quantum emitter. We find that the embedded quantum emitter enables the Heisenberg limit to be reached provided, first, the collection is perfectly efficient ( = 1) and, second, the emitter has a transform-limited linewidth, Γ = γ sp /2. We sketch the proof of this result (see Supplementary Information for details). First, we focus on the imprecision noise resulting from shot noise on the collected photons. Using Eq. 2, the photon noise is translated into an equivalent displacement noise S
, where SṄ dṄd corresponds to the NPSD of the detected photons. Assuming no inhomogeneous broadening of the transition (the spectrum is Lorentzian, with a full width half maximum linewidth Γ), and operating at ∆ = Γ, S I uu takes a simple form:
Fig . 4a and b show the evolution of the imprecision noise as a function of the control parameter, the amplitude Ω R of the resonant drive. As Ω R increases, there is at first a reduction in the noise associated with the higher count rate and therefore a higher signal to noise ratio. However, in contrast to standard cavity-based opto-mechanics, we note the presence of a minimum after which the imprecision noise increases again. This is related to a coherent interaction between the two-level system and the optical driving field (Rabi oscillations), leading to power broadening (Γ increases in Eq. 4) and a lower sensitivity. In addition to the imprecision noise, the read-out process eventually introduces noise due to the back-action exerted by the single photon emitter itself on the mechanical resonator.
Here again, the situation diverges from standard cavity-based opto-mechanics since the system is now intrinsically nonlinear. Solving the Heisenberg equation for the momentum operator, we find the back-action force,F = −h λ u zpfσ z . For frequencies smaller than the spontaneous emission rate γ sp the anti-bunched nature of the emission can be neglected and the back-action force noise reads
where N is the total number of emitted photons. The displacement NPSD associated to the back-action force is then simply obtained from S
is the mechanical susceptibility. This is shown in Fig. 4a and b for f = f m . S BA xx increases initially as the two-level system is driven harder and then saturates as the population of the two-level system saturates. We find that the back-action dominates over the imprecision (S Supplementary Information) which, for Γ = γ sp /2 and using the optically mediated rate introduced earlier, reads Γ opt > γ m / . Finally, by combining Eq. 4 and 5 we find the central result for the product of the imprecision and back-action force
For perfect read-out, which means = 1 and Γ = γ sp /2, we recognize the Heisenberg principle, which sets the ultimate sensitivity of the measurement, the so-called standard quantum limit (SQL). Fig. 4c shows how S I xx S F F increases above the SQL as Ω R is increased.
In the present experiment, Γ opt γ m . However, in particular because of the blinking of the QD fluorescence and the low quantum yield of the detector at these wavelengths, our overall detection efficiency only amounts to = 0.2%. In consequence, the dominant source of noise remains shot noise. However, there are strong reasons to believe that future experiments can operate close to the Heisenberg limit. First, quantum dots with close-to-ideal optical properties have been demonstrated in other experiments 17 . Operation in the Coulomb regime eliminates the blinking; quantum dot linewidths match the transform limit on time-scales of ∼ 1 µs when the environment is "frozen" 22 , and even on much longer time-scales in special circumstances 17 . Second, use of optimized photonic trumpets, close-to-unity efficiency superconducting nanowire detectors 29 and a less lossy rejection of scattered laser light would all increase : we estimate that 0.5 is realistic. Achieving this quantum dot performance in such a mechanical oscillator would enable displacement measurement with a noise close to the Heisenberg limit and would compete with the very best cavity schemes; furthermore, the coupling opens possibilities to control the mechanical oscillator via the quantum dot and vice versa.
VI. CONCLUSIONS
We have shown that a single quantum dot embedded in a mechanical resonator is a very sensitive probe of the mechanical motion. In particular, thermally-driven mechanical motion is revealed by fluctuations in the intensity of quantum dot resonance fluorescence. The measurement reveals a large hybrid coupling between the quantum dot and a whole series of mechanical modes. The relative strength of these interactions is used to determine the radial position of the QD within the resonator; modes with a particularly large coupling are identified. Presently, our position sensitivity is limited by an imperfect collection efficiency and charge noise in the device. We demonstrate that the Heisenberg limit applies for efficient collection of photons from a spectrally-pure emitter, a realistic proposition given that the two conditions have been met separately in other experiments. Present performance should be sufficient for driving of a coherent macrosopic motion by excitation of an embedded microscopic emitter 2 . Slightly larger mechanical frequencies will facilitate operation in the resolved side-band regime, with the perspective of using an embedded quantum dot to cool the mechanical oscillator into the few-phonon quantum regime.
Our device corresponds to a quantum two-level system, the QD excitonic transition, coupled to the motion of the mechanical oscillator via inbuilt strain. The interaction takes the general form of a longitudinal coupling described bŷ
where λ is the hybrid opto-mechanical coupling, b † and b are the phonon creation and annihilation operators, and σ z is the Pauli matrix operator acting on the 2-level system. Introducingû, the operator associated with the resonator's displacement, the interaction Hamiltonian readŝ
where u zpf = h 2mωm corresponds to the zero-point fluctuations. As a result of this parametric coupling, a displacement of the mechanical resonator results in a shift of the QD transition frequency, which can be used to read out the displacement. Conversely, the QD dipole produces a back-action force, which may drive the resonator's motion and ultimately limits the detection resolution.
Fluctuations of the resonator's position are analyzed through their power spectral density (PSD), which is defined in a similar fashion to its classical counter-part
To read-out the displacement of the mechanical resonator, we record fluctuations in the resonance fluorescence (RF) signal for a fixed laser frequency. By shifting the QD resonance frequency, a displacement of the mechanical oscillator results in a change in the detected fluorescence count-rateṄ d , see Fig.  1c . Assuming small frequency shifts due to the mechanical oscillation,
where ∆ = ω QD − ω laser is the QD-laser detuning and α = ∂Ṅ d /∂∆ is the slope of the QD spectrum at the corresponding detuning. It is clear that the sensitivity of the detection depends on the strength of the opto-mechanical coupling, but also on the spectral profile of the QD. The former depends on the QD position inside the mechanical resonator, the latter is characterized by the QD linewidth, or equivalently the QD quality factor.
Quantum measurement with a two-level system
In addition to the thermal fluctuations S 
There are two contributions to the added noise. The first one is the imprecision noise and is due to noise in the detection chain. The second one comes from the fluctuations in the back-action force exerted by the QD electric dipole on the mechanical resonator. Neglecting any correlations between the two sources of noise,
We emphasize that the first term corresponds to an equivalent displacement noise associated with the photon noise on the read-out, and not to actual fluctuations of the oscillator. In the following we derive analytical expressions for both contributions.
a. Back-action noise
The back-action force corresponds to the stress produced by the electric dipole upon excitation of the QD. Its expression can be derived by solving the Heisenberg equation for the momentum operatorp. This giveŝ
In our experiment, the QD dipole oscillates at frequencies much higher than the mechanical frequency ω m , so that we may consider the average valueσ z . In particular, the resonance fluorescence signal from the QD is given byṄ = γ spσz , where γ sp is the spontaneous emission rate. Introducing Ω R , the amplitude of the resonant drive, it is standard quantum optics to derive the following expression
where γ = γsp 2 + γ * is the total QD decoherence rate (with γ * the pure dephasing rate) and Γ = γ 2 + γ γsp Ω 2 R corresponds to the power-broadened half-width half-maximum linewidth(cf Fig. 1c ). (NB: In the main paper, Γ inh includes additional spectral fluctuations.) Coming back to Eq. A7, we derive a relationship between the fluctuations in the backaction force and the fluctuations in the resonance fluorescence signal
and the corresponding expression for the power spectral density
The anti-bunched nature of the QD emission is only visible in the correlations at short times. For ω γ sp the QD photons thus have a white noise spectrum, so that SṄṄ =Ṅ . This leads to the following expression for the noise spectral density of the back-action force
whereṄ depends on the Ω R and ∆. Finally, using the mechanical susceptibility
with m eff the motional mass of the mechanical resonator, we obtain the displacement noise spectrum associated with the back-action of the two-level system
(A13) From this equation, we find that the back-action noise increases as we drive the system harder. However, in contrast to standard linear opto-mechanics, a maximum corresponding to achieving saturation of the excited state (σ z = 1/2) appears at high power, see Fig. 5 .
b. Imprecision noise
The imprecision noise corresponds to the uncertainty introduced by the measurement chain. Assuming perfect detectors, it boils down to shot noise on the detected count-rate (in practice the detectors are good enough so that this is a fair approximation). It originates from the Poissonian emission process and is amplified by the imperfect photon collection. Introducing , the overall collection efficiency, the detected count-rate simply readsṄ d = Ṅ . Together with Eq. A4, it yields the following expression for the imprecision noise 
As we increase the amplitude of the drive, we observe a decrease of the imprecision noise associated with the reduction of the shot noise, Fig. 6 . Once again, the saturation of the two-level system imposes a limit to the minimum that can be reached. In fact, for Ω R > γ sp , S I xx starts to increase as a result of the power broadening and the related lower sensitivity. Fig. 6 . Finally, we note the presence of the detection efficiency in the denominator, which limits the ultimate achievable sensitivity.
c. Heisenberg principle and standard quantum limit in a hybrid system
From equations A11 and A14, we can now write the product of the back-action force and the imprecision
This expression has a minimum for ∆ = Γ, which results in
For perfect detection ( = 1), lifetime-limited QD and weak excitation (Γ = γ sp /2), we recognize the Heisenberg uncertainty principle
Equality is achieved for a laser detuning ∆ = Γ, and corresponds to the standard quantum limit (SQL). Interestingly, even for a lifetime-limited emitter, the SQL is only achieved in the weak excitation regime, see Fig 4 of the main paper.
This is a consequence of the power broadening which reduces the sensitivity of the measurement for Ω R ≥ γ sp . We emphasize that this is not the result of the complex solid-state environment around the QD, but is general to any driven twolevel system coupled to a resonator through the interaction described in Eq. A1.
d. Measuring the back-action
Because of the inherent non-linearity of the two-level system, the contribution from the back-action may remain negligible and hard to detect. To establish under which conditions the back-action dominates over the imprecision, we look for a solution to the equation
This has an analytical solution at ∆ = Γ. Using Eqs. A13 and A15, the problem reduces to solving a second order equation with respect toṄ . After straightforward manipulation, we obtain for the positive solutioṅ
Saturation of the resonance fluorescence imposesṄ + (∆ = Γ) ≤ γsp 4 , which yields
For = 1 and assuming Γ = γ sp /2 (Fourier transform limit), we recognize the condition that the optically mediated damping Γ opt = λ 2 /2Γ should be larger than the intrinsic phonon damping rate γ m . In practice, the limited collection efficiency (finite quantum yield for the detectors, limited photon collection angle, blinking in the sample, etc) makes it more difficult to observe. Fig. 7 shows the two limiting cases. In (a), Γ opt γ m , in which case the minimum added noise corresponds to the minimum of S I xx , with a vanishing contribution from the backaction. In (b), Γ opt γ m , and the minimum, which corresponds to the SQL, is reached in the linear region. We then find a similar to standard cavity opto-mechanics experiments in the sense that, at the SQL, and for ω = ω m , the back-action and the imprecision contribute equally to the noise, and the total added noise equals the zero-point fluctuations (Fig. 7c) , i.e. The challenge with resonant spectroscopy is to distinguish between the fluorescence signal and the back-scattered laser light. For this we use a dark-field microscope based on cross-polarized excitation and detection. This technique ensures extinction ratios as high as 10 7 upon reflection on a flat surface 31 . The situation is however more complex when the QD environment is processed below the micro-meter scale: a small object in the focus of the incident laser causes depolarization of the reflected beam and prevents efficient rejection. To reconcile the nano-scale engineering of the QD surrounding with the need for a flat top facet, we use a tapered microwire, the "photonic trumpet". A layer of QDs is embedded at the base of the structure where the lateral dimensions (between 200 and 260 nm) forces the emission into the fundamental photonic mode propagating in the vertical direction 32 . The subsequent tapered section results in an adiabatic deconfinement of the mode and limits diffraction losses at the top facet 20 . For the photonic trumpet studied in this paper (bottom diameter 300 nm, top diameter 1.62 µm), we achieve a laser suppression > 40 dB over a 29 GHz frequency span. This results in a signal to noise ratio S : N = 125 at a driving amplitude Ω = γ sp . To obtain a spectrum, we sweep the laser frequency with constant speed. The resulting resolution is 85 MHz, with an integration time of 0.2 sec/point.
Detection efficiency
At saturation, we detect a maximum resonance fluorescence count-rate of 0.83 MHz. Together with the measured γ sp = 1.1 GHz, this yields = 0.16 % for the overall collection efficiency. Taking the response of the detectors (21%), the transmission of our setup (7%) and blinking phenomena (QD "on" time 10%) into account, we calculate the photon collection efficiency at the first lens (NA = 0.8) which amounts to 36%. This is about a factor two below previously reported measurement on similar structures 20 . We attribute the difference to the larger diameter at the QD position, which reduces the coupling to the fundamental guided mode, and to the position of the QD away from the axis (see Section. B 6), a necessary condition to observe the response from the first order flexural mode (see also section B 6).
Evaluation of the coupling strength.
We determine the strength of the hybrid opto-mechanical coupling from the assumption that the oscillator is fully thermalized with the surrounding He bath (a realistic approximation since our sample is located in He exchange gas). Using the equipartition theorem,
In addition, we have from Eq. A4
with α the derivative of the effective QD spectrum. Introducing the normalized photon noise spectrumS NN ,
where S NN (f ) df = A is the photon noise power which is obtained for each mode from the area below the corresponding peak in the power noise spectrum (F1a or F1b, Fig. 2 of the main paper). This yields the following equation to describe the experimental data
which only depends on λ.
Opto-mechanically induced dephasing
Throughout the analysis, it has been assumed that the exciton dephasing associated with the opto-mechanical coupling is negligible, such that it does not contribute to the broadening of the QD linewidth. This assumption, which allows here for an analytical theory to be developed (see Eq. A4), is also important in the context of quantum optics experiments with such devices. Indeed, the coupling to mechanical modes introduces additional noise, which leads to a broadening of the QD transitions for integration times longer than the mechanical oscillation period.
The energy shift induced by the Brownian fluctuations of the microwire is simply given by δ∆ th = λ u th u zpf .
We find δ∆ th,F1x /2π = 0.15 GHz and δ∆ th,B2 /2π = 0.24 GHz for F 1x and B 2 respectively, which correspond to the main sources of inhomogeneous broadening. This represent a total dephasing δ∆ th Γ inh , which validates the hypothesis.
Numerical analysis
To confirm the origin of the resonances in our noise spectrum, we calculate the mechanical eigen-frequencies of the micro-resonator using a commercial finite-element analysis software (Comsol). We simulate a 12 µm long GaAs wire, with a bottom diameter of approximately 300 nm and a tapering angle of θ = 3˚. In order to adjust the mechanical frequencies to the experimental values, we allow a 5% variation on the length of the wire (due to flux inhomogeneities over the wafer surface in the MBE chamber). To account for the observed splitting of the first flexural mode, we also introduce a small asymmetry in the QD plane. In practice, the microwire has round top diameter but an elliptic base, the consequence of a slightly anisotropic etching process (∆θ = θ x − θ y ). Fig.  9 shows the results for a 11.4 µm long wire, with a top diameter of 1.62 µm and a bottom section with minor axis d y = 260 nm and major axis d x = 320 nm (∆θ = 0.15˚, in good agreement with the estimation of the anisotropy in the etching process 18 ).
Quantum-dot localization a. Complementary measurement
We present results from the noise spectroscopy on a second QD in the same microwire (QD2). The result is shown in Fig. 8 , where we have removed the contribution from shot noise measured in a complementary measurement 22 . The different spectral signature is attributed to a different location of the QD in the microwire. In particular, the absence of a resonance at 607 kHz means that the QD is located on the neutral (zero-strain) axis of F 1x . We point out that amplitude of the peak is not a direct measurement of the relative coupling strength, since the QD linewidths may be different. In the present case, QD2 has a larger FWHM (not shown) which lowers the sensitivity of this second probe. The reduced noise floor is associated to this lower sensitivity, possibly combined with a less noisy charge environment around QD2.
b. Full analysis
A more precise analysis of the QD position within the trumpet is possible using the whole series of mechanical modes we have access to, see Fig. 9 . The idea is that each mode produces a specific strain at a given location in the wire. By comparing the relative amplitude of the measured resonances, it is possible to extract the QD position. In our case, the situation is simplified by the fact that we already know the precise location of the QD layer in the z-direction. The procedure goes as follows. We first simulate the strain per unit displacement for various radial positions of the QD at a fixed distance of 110 nm from the base. For each mode, the data is normalized to the expected displacement associated with the Brownian motion. The result is shown in Table I for a QD located on the x-axis, at a 45 nm distance from the center (pink circle in Fig. 9a ). We observe that for all modes except B 1 , the strain zz in the vertical direction dominates over the other components. In fact we find that xx ≈ yy ≈ −ν zz , where ν = 0.31 is the Poisson ratio, meaning that we are dealing with uniaxial strain along the z-direction 26, 33 . Together with the same approximations as in Section A 1 (linear interaction Hamiltonian, small frequency shifts), this results inS NN ∝ 2 zz . We thus determine the QD position by adjusting position of the QD, calculating the relative amplitudes of the different modes and making a comparison with the result from the experimental data. This is illustrated in Fig. 9 b for four different radial positions of the QD along the x-axis. In a second step, we vary the angle to account for the different weights of the two orthogonal modes F 1x and F 1y , Fig. 9c . Finally, using an iterative process, we are able to determine the QD position within the QD plane modulo a symmetry versus the x and y axes (this experiment does not resolve positive and negative coordinates). We find that QD1 is located 35 nm away from the axis of the trumpet, with an angle φ = 20˚, see pink diamond in Fig. 9a and the corresponding fit in Fig. 3 of the main paper.
505 510 515 520 600 605 610 615 4.0x10 -6 6.0x10 -6 8.0x10 TABLE I. Simulated strain for a QD on the x-axis, 45 nm away from the centre (pink circle in Fig. 9a) . Details of the geometry of the microwire are given in Section B 5. As a consistency check, we evaluate the QD frequency shift for the calculated strain. Neglecting confinement effects, this reads ∆ th = a h + b 2 sh , where h = xx + yy + zz and sh = 2 zz − xx − yy correspond to the hydrostatic and shear strains respectively, and a and b are material dependent deformation potentials 33 . Assuming the QD is mainly composed of GaAs 34 
